Abstract We study a blowup problem for the semilinear heat equation
Introduction
This paper is concerned with the description of new forms of blowup for the semilinear heat equation
We take data u 0 ∈ L ∞ (R N ) and exponent in the supercritical range p > p S ≡ (N +2)/(N −2) with N ≥ 3. It is well-known that this problem admits a unique classical solution at least for a small time. A solution u is said to blow up at a time 0 < T < +∞ if lim sup t T
|u(t)| ∞ = +∞
with supremum norm |·| ∞ in R N . A suitable concept of generalized solution for blowup problems is the proper solution introduced in [7] , see previous work in [2] . It is as follows: for a positive integer n, let u n be a solution of
By the maximum principle, the sequence is monotone nondecreasing. Then, u(x, t) ≡ lim n→∞ u n (x, t) is the proper solution of (1.1), where the limit is allowed to be infinite somewhere, or even everywhere in Q. We refer to Section 2 of [7] for an equivalent definition and important properties. It is easy to show that for 0 < t < T the limit is just a classical solution of the initialvalue problem in the domain Q T = R N × (0, T ). When u blows up at t = T , the blowup is said to be complete if the proper solution is identically equal to +∞ for t > T , and to be incomplete otherwise.
There has been much interest in recent times in understanding the properties of solutions which undergo an incomplete blow at a time T > 0 and then exist for a certain time or for all times afterwards. Our main contribution in the present paper is showing the existence of a proper solution which blows up at different places at different times that we can control. Theorem 1.1 Let p > p S and let T 1 , T 2 > 0 with T 1 < T 2 . For any small ε > 0 there exist a radially symmetric proper solution u of (1.1), a sphere S = {|x| = R} and times T ε,i with |T ε,i − T i | < ε, i = 1, 2, such that u blows up incompletely at the origin at t = T ε,1 and completely on S at t = T ε,2 .
Let us review some existing results in order to locate the relevance of ours. In the subcritical exponent range p < p s , only the complete blowup is possible by the results of [2] . The question of continuation after blowup is much more complicated in the supercritical case. It was shown in [17] that when N ≥ 3 and p ≥ p S there exists a global L 1 -solution of the CauchyDirichlet problem for the equation in (1.1) in a convex domain Ω which is unbounded in L ∞ (Ω). To proceed further, we introduce two other typical blowup exponents: The subscripts refer to Joseph-Lundgren and Lepin. Let now p S < p < p L ; then [7] shows that the radially symmetric solution in a ball constructed in [17] blows up in finite time. Also, a radially symmetric incomplete blowup solution of the Cauchy problem was obtained in [11] . A simple peaking solution is a weak solution which blows up at some T < +∞ and becomes a global regular solution for t > T . In [7] , a peaking solution was constructed by connecting a backward selfsimilar solution with a forward selfsimilar solution. Peaking solutions of a different type were obtained in [12] .
On the other hand, if a radially symmetric solution u of the CauchyDirichlet problem for the equation in (1.1) posed in a ball has a nontrivial continuation as a proper solution and if p S < p < p JL , then [5] shows that this continuation is regular after the blowup time T except for a set S ≡ {t i : T < t 1 < · · · < t k < ∞} with k < ∞. However, the possibility of an empty set S was not excluded, so we were not sure whether blowup actually occurs again for t > T . The existence of a radially symmetric proper solution which blows up twice was obtained in [13] , and it was extended as follows in [14] : if p > p JL , then for each positive integer k ≥ 2 there exist a radially symmetric proper solution u of (1.1) and
Recently, for any p > p S a radially symmetric solution blowing up twice was given in [10] . The common property in the previous results is that the proper solutions blow up at the same point x = 0 at each blowup time. Moreover, the difference between successive blowup times is quite large and the method does not allow for a control of the time elapsed between blowups. Our paper improves on that situation by constructing solutions which blow up successively at different places and whose blowup times that can be controlled.
The paper is organized as follows: In Section 2, we show without the assumption of radial symmetry in the supercritical case that if the energy for a solution transformed through backward selfsimilar variables around (a, T ) is small, then the solution of the original problem does not blow up at (a, T ). Section 3 is concerned with the stability of complete blowup; our purpose is to prove that if a solution with initial data u 0 blows up completely at t = T , then for each ε > 0 there exists δ > 0 such that a solution u with initial data u 0 with | u 0 − u 0 | ∞ < δ blows up at t = T with | T − T | < ε. In Section 4, we treat the immediate regularization after the blowup time for incomplete blowup solutions. Section 5 continues the presentation of technical results. Section 6 performs the crucial construction of a two-parameter family of solutions whose waiting time is a discontinuous function. In the final Section 7 we complete the proof of Theorem 1.1.
The following definitions will be used in the paper. We call T and a the blowup time and a blowup point of a solution u of (1.1), respectively if there exist sequences {x n }, {t n } with x n → a and t n T as n → ∞ such that u(x n , t n ) → ∞ as n → ∞. The set of all blowup points is called blowup set of u. An interesting role in our constructions is played by the radially symmetric singular steady state of equation (1.1) given by
The constant is given by
Small energy implies no blowup
We define here an energy functional that turns out to be a useful tool in controlling the growth in time of solutions. Before presenting it, it is convenient to introduce the scaling transformation on which it is based. We rescale a solution u of (1.1) as follows: for a point a ∈ R N and time T > 0, we put
with new space and time variables
Then, w = w a,T satisfies a rather simple modified evolution problem
where s T = − log T is the new initial time. The energy associated with (2.2) is defined by
with weight ρ(y) = exp (−|y| 2 /4). In terms of the original variables, given a solution u of (1.1), a point a ∈ R N and a time T > 0, we define the following "energy functional"
with Gaussian weight:
.
Here is the result where the energy is put to use.
The result was proved when (N − 2)p < N + 2 in [8] and for radially symmetric solutions when p > p S and N ≥ 3 in [10] . Our present result does not need the assumption of radial symmetry.
We will proceed by proving first a number of technical results. The following is a modification of a result in [4] . Lemma 2.1 Let u be a solution of (1.1) with finite initial energy, and w be a solution of (2.2) through (2.1). Then there exists C(p, N ) > 0 such that , where C 0 = ( ρ(y) dy) (p−1)/2 . Since we know that X(s) = w 2 (s)ρdy does not blow up at a finite s, a standard argument implies that the right-hand side must be always nonpositive, hence the energy has to remain nonnegative, E(s) ≤ 0, and
We want to estimate Y = 
Using Hölder and (2.5), we have
3), the last integral can be estimated above by 2E(
We finally get:
The stated assertion follows from the last formula after putting
The next tool is the following result, obtained as Theorem 2.1 in [8] . 
Both results are connected as follows. 
Proof Obviously, w b, T denotes the solution of (2.2) through (2.1) putting a = b and T = T .
Let δ > 0 to be determined later, and suppose that
Then there exists γ ∈ (0, 1) such that the renormalized energy is bounded by δ in a 2γ-neighbourhood of b:
We now assume that
There exists α > 0 such that for all n
, and (2.14)
¿From (2.12), (2.13) and (2.14), there exists K 0 > 0 such that (2.15)
for sufficiently large n by (2.15) and Lemma 2.1 since
On the other hand, there exist c 2 , K 2 > 0 with c 2 < 1 such that
by (2.10) and (2.11) and the parabolic regularity theory. Since h(2δ) → 0 as δ → 0, this is a contradiction. This completes the proof. 
where ε 0 is the constant in Proposition 2.1. But then, u does not blow up at (b, T ) from Proposition 2.1.
On complete blowup
The following result has been recently established in [10] and communicated to the authors, but we give our own proof. It concerns the stability of the blowup time. 
Proof For every positive integer n, let u n be a solution of
Since u blows up completely at t = T , it holds
(i) We prove that for sufficiently small ε > 0 and sufficiently large R, M > 0 with
since {u n } is nondecreasing with respect to n in R N × (0, ∞).
(ii) Then, there exists δ > 0 such that if
where u n is a solution of (3.1) with initial data u 0 . Let u be a solution of (1.1) with initial data u 0 . By the comparison theorem, we see
(iii) We now assume that u exists for t ∈ [0, T + 2ε] in the classical sense. Define the function
where U is a solution of a Cauchy problem for the heat equation in R N with initial data u(x, T + ε). It is immediate that u is a subsolution of (1.1) with initial data u(x, T + ε). Moreover, we have
By the choice of ε, R, M , we see that
which implies that u blows up before ε. Therefore, u blows up before T + 2ε. This contradiction completes the proof.
Note that we are not asserting that the solution u in Theorem 3.1 blows up completely at its blowup time T . It is known that u blows up completely in the subcritical case. By contrast, it is clear that the time of incomplete blowup is not stable under perturbation of the data, it may even jump to infinity.
We present one more result on complete blowup needed in the proof of Theorem 1.1, which was given as Theorem 5.1 in [7] . 
Immediate regularization
First, some definitions. For a > 0, let ϕ a be a solution of (4.1)
We also need to count the number of sign changes of a function. For a function f on [0, ∞) with f ≡ 0, let z(f ) be the supremum over all j such that there exist 0
We present in Theorem 4.1 below a result on immediate regularization of an incomplete blowup solution after the blowup time. Such result was shown for p S < p < p JL in [5] . Their proof is based on (2.2) and its energy, and such an argument does not work well for more general reaction diffusion equations. We show here immediate regularization also for p ≥ p JL . Our method does not use (2.2), and hence can be modified for application to the porous medium equation, as we do in [15] .
We give two preliminary results. The following one was given as Theorem 3.1 in [9] . It is well-known that u is a radially symmetric forward selfsimilar solution of (1.1) if and only if there exists a solution f of
Lemma 4.1 There is no solution of (4.3) such that
Proof Assume on the contrary that such a solution f exists. Setting g(τ ) = ξ 2/(p−1) f (ξ) and τ = log ξ, it holds
Since g(τ ) ≥ C 0 > c ∞ for τ ∈ R, g is nonincreasing with respect to τ . Then,
∞ − c p−1 = 0, which is a contradiction. This completes the proof.
For regular solutions u 1 , u 2 of (1.1), z(u 1 (t) − u 2 (t)) is nonincreasing in t (e.g. [1] , [3] , [6] ). It is immediate that the fact is valid for a regular solution u of (1.1) and the singular steady state ϕ ∞ .
Theorem 4.1 Let
p > p S and let r = |x|. Let u 0 be a radially symmetric function such that z(u 0 − ϕ ∞ ), z((u 0 ) r ), z((u 0 ) t ) < +∞. Let u be a proper solution of (1.1) blowing up at t = T . Suppose that for every t ∈ [0, T ) we have u n (t) → u(t) in L p loc (0 < r < ∞) as n → ∞ for a sequence {u n } of classical solutions of (1.1) on [0, T )
with T > T which is nondecreasing with respect to n pointwise in [0, ∞) × [0, T ). Then, u immediately recovers regularity after t = T , that is, u is a classical solution for T < t < T + δ with some constant δ > 0.
Proof In the case of p S < p < p JL , the statement was shown in [5] . Let p ≥ p JL . Then, ϕ ∞ is a proper solution of (1.1) with initial data ϕ ∞ . Applying Proposition 4.1 to u n defined in (0, T ), there exist C 0 , R 0 , δ 0 > 0 with δ 0 < T − T such that
by the parabolic regularity theory. Passing to the limit as n → ∞ yields
Assume now that the assertion is not valid. Similarly to the proof of Theorem 3.1 in [5] , the following two cases are possible:
(i) u(r, t) > ϕ ∞ (r) for 0 < r < R 1 and T ≤ t ≤ T + δ 1 with some R 1 , δ 1 > 0 with δ 1 < δ 0 /4 and R 1 ≤ R 0 ;
(ii) u(r, t) < ϕ ∞ (r) for 0 < r < R 2 and T ≤ t ≤ T +δ 2 with some R 2 , δ 2 > 0 with δ 2 < δ 0 /4 and R 2 ≤ R 0 .
Since u and ϕ ∞ have singularities, all discussions were first done for the sequence {u n } of approximating solutions, and then shown for u and ϕ ∞ passing to the limit in [5] .
We first treat the case (i). Putting v(r, t) = r 2/(p−1) u(r, t), v satisfies
that is,
For λ > 0, put u λ (r, t) = λ 2/(p−1) u(λr, λ 2 (t − (T + δ 3 )) for r > 0 and t ≥ T + δ 3 . It follows from (4.5) and (4.6) that This contradiction excludes the possibility of (i).
In the case of (ii), it holds
and hence
Letting u be a forward selfsimilar solution with initial data (
t) < u(R δ , t − (T + δ/2)) for t ∈ [T + δ/2, T + δ].
Applying the comparison theorem to approximating solutions and passing to the limit yields
which is a contradiction. This completes the proof.
Two technical lemmas

Lemma 5.1 Let p > p S . Let u 0 be a radially symmetric function with
z(u 0 − ϕ ∞ ), z((u 0 ) r ), z((u 0 ) t ) < +∞, where r = |x|. Let u be a proper solution of (1.1) which undergoes incomplete blowup at t = T . Suppose that u n (t) → u(t) in L p loc (0, ∞) for t ∈ [0, T ) as n → ∞ for a sequence {u n } of classical solutions of (1.1) on [0
, T ) with T > T which is nondecreasing with respect to n pointwise in [0, ∞) × [0, T ). Then, an even number of intersections between u(t) and ϕ ∞ disappear at r = 0 and t = T .
Proof From Proposition 3.1, the blowup set of u consists only of the origin. Suppose that no intersection between u(t) and ϕ ∞ disappears at r = 0 and t = T , that is, there exist R, δ > 0 such that u(r, t) < ϕ ∞ (r) for 0 < r < 2R and T − δ ≤ t ≤ T. We next assume that u * exists globally in time in the classical sense. If p S < p < p L , then there exists a radially symmetric backward selfsimilar solution u of (1.1) whose blowup profile is cr −2/(p−m) with c < c ∞ such that initial data u 0 has exactly one intersection with λg for λ * ≤ λ ≤ λ * + δ 1 for some δ 1 > 0 (e.g. [7] ). Denote by T the blowup time of u. Then, there exist 0 < t 1 < T and 0 < δ 2 < δ 1 such that u λ (0, t 1 ) < u(0, t 1 ) and T λ > 2 T for λ * ≤ λ ≤ λ * + δ 2 . We see that u λ (r, t 1 ) < u(r, t 1 ) for r ≥ 0 for λ * ≤ λ ≤ λ * + δ 2 by the choice of u 0 . We extend u as a forward selfsimilar solution for t > T such that u(r, t) < ∞ for r ≥ 0 and t > T (e.g. [7] ). Then, it holds that T λ = ∞ for λ * ≤ λ ≤ λ * + δ 2 . This contradicts the definition of λ * . Consequently, u * blows up incompletely at t = T * < ∞. From Theorem 4.1, we conclude that u * becomes regular for t > T * .
Then there exists
In the case of p > p JL , a peaking solution with compact support was obtained in [12] . This completes the proof.
Discontinuous first blowup time
The construction in this section is crucial for the proof of the main result.
Given T 1 > 0, we choose a radially symmetric smooth nonnegative function g such that (g3) the solution u g of (1.1) with initial data g blows up at t = T 1 . Moreover, u g is a peaking solution.
Let T 2 > T 1 . Take a radially symmetric smooth nonnegative function h such that Figure 1 . Sketch of the functions g and h R compared with ϕ ∞ Lemma 6.1 Let u R be a solution of (1.1) with initial data h R , and denote by T R blowup time of u R . Then,
Proof Let T λ be blowup time of a solution of (1.1) with initial data λψ for fixed ψ and λ > 0. It was shown in [16] that
Denoting by T µ the blowup time of v µ , it holds
2) with µ = R −2 and ψ(x) = h(|x| − 1). The conclusion follows from (6.3) since T R is the blowup time of v R .
In the sequel we will use the following two-parameter family of solutions: for ε, λ > 0 we denote by u λ,ε a solution of (1.1) with initial data u λ,ε (x, 0) = λg(x) + h R,ε (x), where
and we call and T λ,ε the blowup time of u λ,ε , . We next eliminate the possibility of very large blowup times.
Proof Assume on the contrary that ε −1 is a blowup time of u = u λ,ε for some λ ∈ (0, 1]. Take a point a ∈ R N and time T = ε −1 , and let w a,T be the corresponding solution of (2.2). Then,
where
where |B b | denotes the Lebesgue measure of B b . We also get (6.6)
Substituting (6.5) and (6.6) into (6.4) yields
for some C g , C h > 0 depending only on g, h, respectively. Therefore we have
Since p > p S , both exponents of ε are positive, hence E[w a,T (s T )] → 0 as ε → 0. Using Theorem 2.1, this contradicts the assumption. This completes the proof.
We next prove the existence of an incomplete blowup solution for sufficiently small ε > 0.
. According to Proposition 3.1, u λ * (ε),ε exhibits incomplete blowup at t = T λ * (ε),ε , hence, by Proposition 3.1, the blowup set of u λ * (ε),ε consists of only the origin at t = T λ * (ε),ε .
Suppose that T λ,ε is discontinuous at another λ = λ * (ε) for some λ * = λ * (ε). We may assume without loss of generality that λ * < λ * (ε). From Theorem 3.1, u λ * ,ε blows up incompletely at t = T λ * ,ε . Since u λ * (ε),ε blows up incompletely at t = T λ * (ε),ε , then u λ * (ε),ε loses two intersections with ϕ ∞ at t = T λ * (ε),ε by Lemma 5.1. Since T λ,ε is discontinuous at λ = λ * (ε), we see T λ * ,ε > T λ * (ε),ε and hence u λ * ,ε has exactly one intersection with ϕ ∞ for t ∈ [T λ * (ε),ε , T λ * ,ε ). Therefore, u λ * ,ε does not blow up incompletely. This contradiction implies the uniqueness of λ ∈ (0, 1] such that T λ,ε is discontinuous.
(ii) Let u g be a solution of (1.1) with initial data g. Suppose that T λ * (ε),ε < T 1 . Then, we have
since u λ * (ε),ε (0) has exactly one intersection with g. On the other hand, let r(t) be a curve such that m(t) ≡ u λ * (ε),ε (r(t), t) is a local maximum of
where T λ * (ε),ε is the second blowup time of
. ¿From (6.7), there exists t 1 ∈ (0, T 1 ) such that m(t 1 ) = Km(0). Then it follows from (6.8) that
. This is a contradiction by the choice of K. Therefore, we see that T λ * (ε),ε ≥ T 1 . This completes the proof. According to Lemma 6.3, there exists ε > 0 such that for ε ∈ (0, ε] we can take λ * (ε) at which T λ,ε is discontinuous with respect to λ. Let ε be the supremum of the ε ∈ (0, 1] such that there exists a unique λ * (ε) at which T λ,ε is discontinuous with respect to λ. We may assume without loss of generality that ε < 2ε taking ε small. In the rest of this paper, let ε, ε denote these constants. We will prove that for R large enough we can put ε = 1, and then u λ * (1),1 is an example of solution satisfying the properties stated in Theorem 1.1.
For R > 0 and ε ∈ (0, ε), we denote by T λ * (ε),ε the second blowup time of u λ * (ε),ε and put T R,ε = ε 2 T λ * (ε),ε . For R > 0 and ε ∈ (0, ε), we put
defined for x ∈ R N and t ∈ [0, T R,ε ).
Then, there exist K, R > 0 with
Proof Let u R and T R be as in Lemma 6.1. By Lemmas 6.1, 6.3 and the comparison theorem, we have
if R ≥ R with some R > 0 satisfying (7.2). For λ ∈ (0, λ * (ε)), put
Therefore, for R ≥ R and ε ∈ [ε/2, ε] it holds (7.4) |v R,ε (x, t)| ≤ C{|x|
and
It follows from (7.3), (7.4) that
Here, we have used
and |y| > 2R 3 − aRs 1/4 . By the choice of
for R ≥ R. Therefore we get
and hence (7.6)
We have
Therefore,
by the choice of K. It follows from (7.5), (7.6) and (7.7) that
Proof From Lemma 6.3, we have
Suppose that the assertion is not valid. Then there exist sequences {R n } with R n → ∞ as n → ∞, {ε n } ⊂ (ε, ε) and d 1 > 0 such that T R n ≥ T 1 + 2d 1 for all n, where T R n is the blowup time of u R n and u R n = u λ * (ε),ε with R = R n . Since T 1 + d 1 < T Rn and u Rn blows up incompletely at t = T R n , u R n (T 1 + d 1 ) has three intersections with ϕ ∞ for all n by Lemma 5.1. Therefore, we can take a radially symmetric regular steady state ϕ of (1.1) such that u R n (0, 0) < ϕ(0) and u R n (T 1 +d 1 ) has three intersections with ϕ for all n. On the other hand, there exists d 2 
for sufficiently large n, and hence u R n (T 1 − d 2 ) has two intersections with ϕ for sufficiently large n. This is a contradiction. Therefore, we have (7.9) lim sup
The assertion follows from (7.8) and (7.9). Proof Let us assume on the contrary that there exists ε 0 ∈ [ε, 1) such that for ε ∈ [ε, ε 0 ) we can take a unique λ * (ε) ∈ (0, 1) at which T λ,ε is discontinuous with respect to λ and that T λ,ε 0 is continuous with respect to λ in (0, 1]. Then, there exist λ 0 ∈ (0, 1] and a sequence {ε n } with ε n ε 0 as n → ∞ such that λ * (ε n ) → λ 0 as n → ∞. It is clear that λ 0 ≥ Λ, where Λ is the positive constant in Remark 6.1. Put T n = T λ * (ε n ),ε n and T n = T λ * (ε n ),ε n . If T n ≥ T n + δ 1 for sufficiently large n with some δ 1 > 0, then T λ,εn ≥ T n +δ 1 for λ ∈ (0, λ * (ε n )) since u λ * (εn),εn blows up incompletely at t = T n and u λ * (εn),εn (r, t) < ϕ ∞ (r) for r ∈ 0, R 3ε n and t ∈ (T n , T n ) from Lemma 7.1. This contradicts the existence of ε 0 . Therefore T n −T n → 0 as n → ∞. Then there exists R 1 ≥ R such that if R ≥ R 1 , then 
for t ∈ [0, T n ) from (7.10) . This contradiction completes the proof. Proof Let u R and T R be as in Lemma 6.1. By Lemma 6.1 and the comparison theorem, we see This inequality and (7.11) complete the proof.
We finally get an estimate of the blowup set of u R = u λ * (1),1 at t = T R = T λ * (1),1 .
Lemma 7.5
For sufficiently large R > 0, the blowup set of u R at t = T R is included in B (α+1)R , where α is the constant in (h1).
Proof Let w a,T be a solution of (2.2) corresponding to u R with a ∈ R N \B (α+1)R and T = T R . Then, we have Since the right-hand side converges to 0 as R → ∞, a is not a blowup point of u R at t = T R from Theorem 2.1. This completes the proof.
Proof of Theorem 1.1 From Lemmas 7.2, 7.4 and 7.5, u R = u λ * (1),1 is our desired solution for sufficiently large R.
